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The model of the equation of generalized thermo-piezoelectricity in an isotropic elastic medium with temperature-
dependent mechanical properties is established. The modulus of elasticity is taken as a linear function of reference temper-
ature. The state-space approach is adopted for the solution of one-dimensional problems in the absence or presence of heat
sources. A numerical technique is employed to obtain the solution in the physical domain. The results are given and illus-
trated graphically. A comparison is made with results obtained in case of temperature-independent modulus of elasticity.
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Most of investigations in thermoelasticity were done under the assumption of the temperature-independent
material properties, which limit the applicability of the solutions obtained to certain ranges of temperature. At
high temperature the material characteristics such as the modulus of elasticity, Poissons ratio, the coeﬃcient
of thermal expansion and the thermal conductivity are no longer constants (Lomarkin, 1976). In recent years
due to the progress in various ﬁelds in science and technology the necessity of taking into consideration the
real behavior of the material characteristics became actual. Temperature-dependent measurements of Youngs
modulus were performed for the ﬁrst time on black and transparent bulk material of chemical vapor deposited
diamond by a dynamic three point bending method in a temperature range from 150 to 850 C (Szuecs et al.,
1999). The temperature dependencies of shear elasticity of some liquids have been investigated by Budaev et al.
(2003). It was found that the shear modulus decreases with increasing temperature. This decrease may be
explained by the increase of the ﬂuctuation free volume (Budaev et al., 2003). The dynamic resonance method
was used by Rishin et al. (1973) to determine the temperature dependence of the modulus of elasticity of some
plasma-sprayed materials. Rising in test temperature was found to cause a monotonic decrease in the modulus
of elasticity.0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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equations of a thermo-piezoelectric plate (Mindlin, 1979). The physical laws for the thermo-piezoelectric mate-
rials have been explored by Nowacki (1978, 1979). Chandrasekharaiah (1984) has generalized Mindlins the-
ory of thermo-piezoelectricity to account for the ﬁnite speed of propagation of thermal disturbances.
In the classical theory of thermoelasticity the velocity of heat propagation is assumed to be inﬁnitely large. In
the last decade diﬀerent generalizations of the classical theory of thermoelasticity are developed to eliminate this
paradox. The ﬁrst theory was developed by Lord and Shulman (1967). In this theory a modiﬁed law of heat
conduction including both the heat ﬂux and its time derivative replaces the conventional Fouriers law. The heat
equation associated with this a hyperbolic one and, hence, automatically eliminates the paradox of inﬁnite
speeds of propagation inherent in both the uncoupled and the coupled theories of thermoelasticity. However,
for many problems involving steep heat gradients, and when short time eﬀects are sought, this theory gives
markedly diﬀerent values than those predicted by any of the other theories. This is the case encountered in many
problems in industry especially inside nuclear reactors where very high heat gradients act for very short times.
The investigations of propagation of thermoelastic waves in piezoelectric materials are much fewer than
that in elastic materials. Majhi (1995) studied the transient thermal response of a semi-inﬁnite piezoelectric
rod subjected to a heat source. However, the obtained numerical temperature ﬁeld is unrealistic due to some
unreasonable material parameters in the numerical example. The Laplace transforms and state-space method
were used by He et al. (2002) to solve the problem based on the Green–Lindsay theory.
In all papers quoted above, investigations are formulated on the basis of the generalized thermoelastic
theories with temperature-independent mechanical properties. The aim of this article is to study the eﬀects
of temperature dependence of the modulus of elasticity on the behavior of solutions in generalized thermo-
piezoelectricity. Considering the Lord and Shulman theory, the solution is obtained using a state-space
approach. The ﬁrst writers to introduce the state-space approach were Bahar and Hetnarski (1978). Their
work dealt with coupled thermoelasticity in the absence of heat sources. The present work is an attempt to gen-
eralize the results to include the eﬀects of heat sources when the modulus of elasticity depends on the reference
temperature in the context of generalized piezoelectric thermoelasticity. Recently, Ezzat et al. (2004) have
investigated the temperature dependencies of the modulus of elasticity in generalized thermoelasticity. This
problem can be reduced as a special case of our study.
This article is a continuation of the work of Aouadi and El-Karamany (2003, 2004), Ezzat et al. (2004), and
Aouadi (2005) to include the eﬀect of reference temperature on thermal stress distribution.
2. Formulation of the problem
The equations governing linear piezoelectric thermoelastic interactions in homogenous anisotropic medium
are (He et al., 2002; Sharma and Kumar, 2000):
(a) Strain–displacement relations:eij ¼ 1
2
ðui;j þ uj;iÞ; i; j ¼ 1; 2; 3. ð2:1Þ(b) Stress–strain-temperature:rij ¼ cijklekl  ekijDk  bijT ; i; j; k; l ¼ 1; 2; 3. ð2:2Þ
(c) Equation of motion:rij;j ¼ q o
2ui
ot2
; i; j ¼ 1; 2; 3. ð2:3Þ(d) Gauss equation and electric ﬁeld relations:Di;i ¼ 0; Ei ¼ eijkejk þ ijDj  piT ; i; j; k; l ¼ 1; 2; 3 ð2:4Þ
Ei = /,i is the electric ﬁeld and Di the electric displacement.
In Eqs. (2.2)–(2.4), q is the mass density, ui the mechanical displacement, eij the strain tensor, rij the stress
tensor, cijkl the isothermal elastic parameters tensor, ejik the piezoelectric moduli, ij the dielectric moduli,
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coupling tensor.(e) Heat conduction equation:jijT ;ii ¼ 1þ s0 oot
 
qcE
oT
ot
þ T 0bij
oui;i
ot
 T 0pk
o/;k
ot
 Q
 
. ð2:5Þ
where T0 the reference uniform of the body chosen such that j(T  T0)/T0j  1, jij the heat conduction
tensor, cE the speciﬁc heat at constant strain, s0 is a relaxation time, and Q is the strength of the applied
heat source per unit mass.Now we consider a thin isotropic piezoelectric rod. Let the piezoelectric rod polarization direction be par-
allel with the axial direction. For one-dimensional problem we assume displacement components of the formux ¼ uðx; tÞ; uy ¼ uz ¼ 0. ð2:6Þ
From Gausss law, since there is no free charge inside the piezoelectric rod, we havedivD ¼ 0; ð2:7Þ
which, for one-dimensional case, transforms to the following equation:oD
ox
¼ 0; which gives D ¼ const. ð2:8ÞSubstituting from Eqs. (2.8) and (2.6) into (2.2)–(2.5), we obtain the equations for the one-dimensional
problemq
o2u
ot2
¼ ðkþ 2lÞ o
2u
ox2
 b oT
ox
; ð2:9Þ
rxx ¼ r ¼ ðkþ 2lÞ ouox  bT  eD; ð2:10Þ
j
o2T
ox2
¼ 1þ s0 oot
 
qcE
oT
ot
þ T 0b o
2u
otox
 Q
 
. ð2:11Þwhere k, l are Lame´s constants, b = (3k + 2l)at, at is the coeﬃcient of linear thermal expansion, e is the pie-
zoelectric constant, and j is the coeﬃcient of thermal conductivity.
Our goal is to investigate the eﬀect of temperature dependency of modulus of elasticity keeping the other
elastic and thermal parameters constants, therefore we assumeE ¼ E0f ðT Þ; k ¼ E0k0f ðT Þ; l ¼ E0l0f ðT Þ; b ¼ E0b0f ðT Þ;
where E0 and at are considered constants, f(T) is a given non-dimensional function of temperature, in case of
temperature-independent modulus of elasticity f(T)  1, and E = E0.
For simpliﬁcations we shall use the following non-dimensional variables:x ¼ c0g0x; u ¼ c0g0u; t ¼ c20g0t; s0 ¼ c20g0s0;
h ¼ bðT  T 0Þ
kþ 2l ; r

ij ¼
rij
kþ 2l ; D
 ¼ eD
kþ 2l ; Q
 ¼ bQ
jc20g
2
0ðkþ 2lÞ
;where g0 = qcE/k and c20 ¼ ðkþ 2lÞ=q. In terms of these non-dimensional variables, Eqs. (2.9)–(2.11) take the
following form (dropping the asterisks for convenience):o2u
ot2
¼ f ðhÞ o
2u
ox2
 oh
ox
 
 ou
ox
 h
 
of
ox
; ð2:12Þ
r ¼ f ðhÞ ou
ox
 h
 
 D; ð2:13Þ
o2h
ox2
¼ 1þ s0 oot
 
oh
ot
þ ef ðhÞ o
2u
oxot
 Q
 
. ð2:14Þ
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from reference temperature are considered. Therefore f(h) can be taken in the form f(h) = 1  a*T0, where a* is
an empirical material constant (1/K). The last system of equations is linearized and reduces to the linear
system:a
o2u
ot2
¼ o
2u
ox2
 oh
ox
; ð2:15Þ
ar ¼ ou
ox
 h aD; ð2:16Þ
o2h
ox2
¼ 1þ s0 oot
 
oh
ot
þ e0f ðhÞ o
2u
oxot
 Q
 
; ð2:17Þwherea ¼ 1
1 aT 0 ; e ¼
T 0b
2
qcEðkþ 2lÞ ; e0 ¼
e
a
. ð2:18Þ3. State-space approach
Taking the Laplace transform f ðx; sÞ of a function f(x, t) deﬁned by the relation:
f ðx; sÞ ¼ £ðf ðx; tÞÞ ¼
Z 1
0
f ðx; tÞest dt; ReðsÞ > 0. ð3:1ÞPerforming the Laplace transform (3.1) over Eqs. (2.15)–(2.17) we geto2
ox2
 as2
 
u ¼ o
h
ox
; ð3:2Þ
o2
ox2
 s s0s2
 
h ¼ e0sð1þ s0sÞ ouox  ð1þ s0sÞQ; ð3:3Þ
ar ¼ ou
ox
 h aD
s
. ð3:4ÞEqs. (3.2)–(3.4) can be written in matrix form as follows:dV
dx
ðx; sÞ ¼ AðsÞV ðx; sÞ þ Bðx; sÞ; ð3:5ÞwhereAðsÞ ¼
0 0 1 0
0 0 0 1
sþ s0s2 0 0 e0ðsþ s0s2Þ
0 as2 1 0
2
6664
3
7775; V ðx; sÞ ¼
h
u
h
0
u0
2
6664
3
7775; Bðx; sÞ ¼ ð1þ s0sÞQ
0
0
1
1
2
6664
3
7775;where the prime denotes derivative with respect to x. The formal solution of Eq. (3.5) is given byV ðx; sÞ ¼ exp½AðsÞx V ð0; sÞ þ
Z x
0
expðAðsÞzÞBðz; sÞdz
 
. ð3:6ÞIn the special case when there are no heat source, Eq. (3.6) simpliﬁes toV ðx; sÞ ¼ exp½AðsÞxV ð0; sÞ. ð3:7Þ
The characteristic equation of the matrix can be written ask4  ½as2 þ ðsþ s0s2Þð1þ e0Þk2 þ as3ð1þ s0sÞ ¼ 0. ð3:8Þ
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2
2 satisfy the relationsk21 þ k22 ¼ as2 þ ðsþ s0s2Þð1þ e0Þ; k21k22 ¼ as3ð1þ s0sÞ. ð3:9Þ
The Taylor series expansion of the matrix exponential has the formexp½AðsÞx ¼
X1
n¼0
½AðsÞxn
n!
. ð3:10ÞUsing Cayley–Hamilton theorem, the ﬁnite series representing the matrix exponential can be truncated to the
following form:exp½AðsÞx ¼ Lðx; sÞ ¼ a0I þ a1Aþ a2A2 þ a3A3; ð3:11Þ
where I is the unit matrix of order 4 and a0, . . . ,a3 are some parameters depending on x and s. By the Cayley–
Hamilton theorem, the characteristic roots ±k1, ±k2 and of the matrix A must satisfy the equationsexpðk1xÞ ¼ a0 þ a1k1 þ a2k21 þ a3k31; expðk1xÞ ¼ a0  a1k1 þ a2k21  a3k31;
expðk2xÞ ¼ a0 þ a1k2 þ a2k22 þ a3k32; expðk2xÞ ¼ a0  a1k2 þ a2k22  a3k32.The solution of the above system is given bya0 ¼ k
2
1 coshðk2xÞ  k22 coshðk1xÞ
k21  k22
; a1 ¼ k
3
1 sinhðk2xÞ  k32 sinhðk1xÞ
k1k2ðk21  k22Þ
;
a2 ¼ coshðk1xÞ  coshðk1xÞðk21  k22Þ
; a3 ¼ k2 sinhðk1xÞ  k1 sinhðk2xÞ
k1k2ðk21  k22Þ
.Substituting the above expressions into (3.11) and computing A
2
and A
3
we obtain the elements (‘ij, i,
j = 1,2,3,4) of the matrix Lðx; sÞ as‘11 ¼ 1ðk21  k22Þ
½ðk21  sð1þ s0sÞÞ coshðk2xÞ  ðk22  sð1þ s0sÞÞ coshðk1xÞ;
‘12 ¼ ae0s
3ð1þ s0sÞ
k1k2ðk21  k22Þ
½k2 sinhðk1xÞ  k1 sinhðk2xÞ;
‘13 ¼ 1
k1k2ðk21  k22Þ
½k2ðk21  as2Þ sinhðk1xÞ  k1ðk22  as2Þ sinhðk2xÞ;
‘14 ¼ e0sð1þ s0sÞ
k21  k22
½coshðk1xÞ  coshðk2xÞ;
‘21 ¼ sð1þ s0sÞ
k1k2ðk21  k22Þ
½k2 sinhðk1xÞ  k1 sinhðk2xÞ;
‘22 ¼ 1
k21  k22
½ðk21  as2Þ coshðk2xÞ  ðk22  as2Þ coshðk1xÞ;
‘23 ¼ 1
k21  k22
½coshðk1xÞ  coshðk2xÞ;
‘24 ¼ 1
k1k2ðk21  k22Þ
½k2ðk21  sð1þ s0sÞÞ sinhðk1xÞ  k1ðk22  sð1þ s0sÞÞ sinhðk2xÞ;
‘31 ¼ sð1þ s0sÞ‘13;
‘32 ¼ ae0s3ð1þ s0sÞ‘23;
‘33 ¼ 1
k21  k22
½ðk21  as2Þ coshðk1xÞ  ðk22  as2Þ coshðk2xÞ;
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k21  k22
½k1 sinhðk1xÞ  k2 sinhðk2xÞ;
‘41 ¼ sð1þ s0sÞ‘23;
‘42 ¼ as2‘24;
‘43 ¼ 1
k21  k22
½k1 sinhðk1xÞ  k2 sinhðk2xÞ;
‘44 ¼ 1
k21  k22
½ðk21  sð1þ s0sÞÞ coshðk1xÞ  ðk22  sð1þ s0sÞÞ coshðk2xÞ.4. Application
4.1. Problem 1: A thermal shock in semi-space problem
We consider a semi-space homogeneous piezoelectric medium occupying the region xP 0 with quiescent
initial state. A thermal shock is applied to the boundary plane x = 0 in the formhð0; tÞ ¼ h0HðtÞ; ð4:1Þ
where h0, is a constant, and H(t) is the Heaviside unit step function. The boundary plane x = 0 is taken to be
traction free, i.e.rð0; tÞ ¼ 0. ð4:2Þ
Since the solution is unbounded at inﬁnity, the initial conditions should be adjusted so that the inﬁnite terms
are eliminated. We now apply the state-space approach described previously to this problem. Thus, two com-
ponents of the transformed initial state (0, s) are known, namelyhð0; sÞ ¼ h0
s
; u0ð0; sÞ ¼ h0 þ aD
s
. ð4:3ÞTo obtain the two remaining components h
0ð0; sÞ and uð0; sÞ, we substitute x = 0 in both sides of Eq. (3.7) and
taking into consideration the entries of Lðx; sÞ, we obtain a system of linear algebraic equations in the two un-
knowns h
0ð0; sÞ and uð0; sÞ, whose solution givesh
0ð0; sÞ ¼  h0ðk
2
1 þ k1k2 þ k22  as2Þ þ esð1þ s0sÞD
sðk1 þ k2Þ ; uð0; sÞ ¼ 
h0s2 þ Dðk1k2 þ as2Þ
s3ðk1 þ k2Þ . ð4:4ÞInserting the values from Eqs. (4.3) and (4.4) into the right-hand side of Eq. (3.7) and upon using Eq. (3.9), we
obtainuðx; sÞ ¼  1
s3ðk21  k22Þ
X2
i¼1
ð1Þiþ1ki½s2h0  ðk23i  as2ÞDekix; ð4:5Þ
hðx; sÞ ¼
X2
i¼1
ð1Þiþ1 ðk
2
i  as2Þh0 þ esð1þ s0sÞD
sðk21  k22Þ
ekix; ð4:6Þ
rðx; sÞ ¼ 1
sðk21  k22Þ
X2
i¼1
ð1Þiþ1½s2h0  ðk23i  as2ÞDekix 
D
s
. ð4:7Þ4.2. Problem 2: A heat sources in a piezoelectric medium
We assume that there is a plane distribution of continuous heat sources located at the plane x = 0. The
intensity of the heat sources is thus given byQðx; tÞ ¼ Q0HðtÞdðxÞ; ð4:8Þ
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whereF ðsÞ ¼ Q0ð1þ s0sÞ
4s
k1k2þas2
k1k2ðk1þk2Þ
0
1
1
k1þk2
2
66664
3
77775. ð4:10ÞEq. (4.9) expresses the solution of the problem in Laplace transform domain for xP 0 in terms of the vector
F ðsÞ, the applied heat source, and the vector V ð0; sÞ representing the condition at the plane x = 0. To evaluate
the components of this vector, we note ﬁrst that that due to symmetry of the problem, the displacement van-
ishes at the plane source of heat, thusuð0; tÞ ¼ 0; or uð0; sÞ ¼ 0. ð4:11Þ
Gausss divergence theorem will now be used to obtain the thermal condition at the plane source. We con-
sider a cylinder of unit base whose axis is perpendicular to the plane source of heat and whose bases line on
opposite sides of it. Taking the limit as height of the cylinder tends to zero and noting that there is no heat ﬂux
through the lateral surface, upon using the symmetry of the temperature ﬁeld we getqð0; tÞ ¼ 1
2
Q0HðtÞ; or qð0; sÞ ¼
Q0
2s
. ð4:12ÞWe shall use generalized Fourier law of condition in the non-dimensional form, namelyqþ s0 oqot ¼ 
oh
ox
. ð4:13ÞFollowing the same procedure as above, the components of the initial vector are given byhð0; sÞ ¼ Q0ð1þ s0sÞðk1k2 þ as
2Þ
2sk1k2ðk1 þ k2Þ ;
h
0ð0; sÞ ¼ Q0
1þ s0s
2s
; u0ð0; sÞ ¼ Q0ð1þ s0sÞ
2sðk1 þ k2Þ . ð4:14ÞAs before, we have suppressed the positive exponential terms appearing in the entries of Lðx; sÞ. Substituting
the above in the right-hand of Eq. (4.9), we obtainhðx; sÞ ¼ Q0ð1þ s0sÞ
2sðk21  k22Þ
X2
i¼1
ð1Þiþ1 ðk
2
i  as2Þ
ki
ekix; ð4:15Þ
uðx; sÞ ¼ Q0ð1þ s0sÞ
2sðk21  k22Þ
X2
i¼1
ð1Þiþ1ekix; ð4:16Þ
rðx; sÞ ¼ Q0sð1þ s0sÞ
2ðk21  k22Þ
X2
i¼1
ð1Þiþ1 e
kix
ki
 D
s
. ð4:17ÞIn the above equations the upper (plus) sign indicates the solution in the region x < 0, while the lower (minus)
sign indicates the solution in the region xP 0, respectively.
5. Inversion of the transforms
We shall now outline the numerical inversion method to obtain the solution of the problem in the physical
domain. Let gðsÞ be the Laplace transform of some function g(t). Following Honig and Hirdes (1984), the
Laplace transformed function gðsÞ can be inverted as follow:gðtÞ ¼ £1½gðsÞ ¼ 1
2pi
Z vþi1
vi1
estgðsÞds ð5:1Þ
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Z 1
0
evtgðtÞ½cosðwtÞ  i sinðwtÞdt ¼ Re½gðvþ iwÞ þ iIm½gðvþ iwÞ. ð5:2ÞSubstituting Eq. (5.2) into Eq. (5.1) yieldsgðtÞ ¼ 1
2pi
Z 1
1
evt½cosðwtÞ þ i sinðwtÞ½RefgðsÞg þ iImfgðsÞgidw
¼ e
vt
2p
Z 1
1
½RefgðsÞg cosðwtÞ  ImfgðsÞg sinðwtÞdw

þ i
Z 1
1
½RefgðsÞg sinðwtÞ þ ImfgðsÞg cosðwtÞdw

. ð5:3ÞCombining Eqs. (5.3) and (5.2) leadsgðtÞ ¼ e
vt
2p
Z 1
1
Z 1
0
evsgðsÞ½cosðwðs tÞÞ  i sinðwðs tÞÞdsdw
 
. ð5:4ÞIn Eq. (5.4), sin(w(s  t)) is an odd function of w; therefore, the second integral is zero and the equation is
simpliﬁed asgðtÞ ¼ e
vt
p
Z 1
0
½RefgðsÞg cosðwtÞ  ImfgðsÞg sinðwtÞ
 
dw. ð5:5ÞExpanding the function h(t) = evtg(t) in a Fourier series in the interval [0,2T], Durbin (1973) derived the
approximation formulagðtÞ ¼ e
vt
T
 1
2
RefgðvÞg þ
X1
k¼0
Re g vþ i kp
T
  
cos
kp
T
t
 "

X1
k¼0
Im g vþ i kp
T
  
sin
kp
T
t
 #
 F 1ðv; t; T Þ ð5:6Þwhere F1(v, t,T) is the discretization error given byF 1ðv; t; T Þ ¼
X1
k¼1
e2vkTgð2kT þ tÞ. ð5:7ÞAs the inﬁnite series in Eq. (5.6) can only be summed up to a inﬁnite number N of terms, a truncation error is
introduced in the form ofF AðN ; v; t; T Þ ¼ e
vt
T
X1
k¼Nþ1
Re g vþ i kp
T
  
cos
kp
T
t
 
 Im g vþ i kp
T
  
sin
kp
T
t
  " #
. ð5:8ÞHence the approximation value for g(t) isgN ðtÞ ¼
evt
T
 1
2
Re gðvÞf g þ
XN
k¼0
Re g vþ i kp
T
  
cos
kp
T
t
 
 Im g vþ i kp
T
  
sin
kp
T
t
  " #
.
ð5:9Þ
It is obvious from Eq. (5.7) that the discretization error can be made arbitrarily small if the free parameter vT
is large enough. Unfortunately, the truncation error in Eq. (5.8) may diverge for large values of vT.
Two methods are used to reduce the total error. First, the Korrecktur method is used to reduce the discret-
ization error. Next, the e-algorithm is used to reduce the truncation error and hence to accelerate convergence.
With Eq. (5.9), Eq. (5.6) can be written in the formgðtÞ ¼ g1ðtÞ  e2vTg1ð2T þ tÞ  F 2ðv; t; T Þ;
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gNKðtÞ ¼ gN ðtÞ  e2vTgN 0 ð2T þ tÞ; ð5:10Þwhere N 0 is an integer less N. Letck ¼ e
vt
T
Re g vþ i kp
T
  
cos
kp
T
t
 
 Im g vþ i kp
T
  
sin
kp
T
t
  
. ð5:11ÞAccording to Eq. (5.10), Eq. (5.9) can be expressed asgN ðtÞ ¼
1
2
c0 þ
XN
k¼1
ck. ð5:12ÞNow the e-algorithm is described in the following. Let N be an odd natural number, and letsm ¼
Xm
k¼1
ckbe the sequence of partial sums of Eq. (5.12), we deﬁne the e-sequence bye0;m ¼ 0; e1;m ¼ sm; m ¼ 1; 2; 3; . . .
andenþ1;m ¼ en1;mþ1 þ 1en;mþ1  en;m ; n ¼ m ¼ 1; 2; 3; . . .Honig and Hirdes (1984) shows that the sequence e1,1,e3,1, . . . , eN,1 converges to g1ðtÞ  12 c0 faster than the
sequence of partial sums sm, m = 1,2,3,. . . The actual procedure used to invert the Laplace transforms consists
of using Eq. (5.12) together with the e-algorithm. The values of v and T are chosen according the criteria
outlined by Honig and Hirdes (1984).
6. Numerical results
The numerical values of the temperature, displacement and stress have been calculated for small time
t = 0.1. In the calculation process, the following constants are necessary to be known including:h0 ¼ Q0 ¼ 1; e ¼ 0:003887; D ¼ 104; T 0 ¼ 973 K; a ¼ 0:0005 1=K.
For the generalized theory with one relaxation time (LS theory), the relaxation time is taken to be s0 = 0.03,
while for the coupled theory (CT theory) s0 = 0.
The temperature distributions for problem 1 (thermal shock problem) and problem 2 (heat source problem)
are shown in Fig. 1a and b, respectively. For both problems, the temperature starts with its maximum value at
the origin and decreases until attaining zero beyond a wavefront for the generalized theory, whereas it is
continuous everywhere else for the coupled theory. This wavefront is located approximately at x = 0.8 for
problem 1 and at x = 0.6 for problem 2. It should be noted in both problems, that there is no signiﬁcant
diﬀerence in the values of h when a = 1.75 compared to those when a = 1, and they are large for LS theory
in comparison with those for CT theory.
Fig. 2a and b shows the variation of displacement u for problems 1 and 2, respectively. For problem 1, the
displacement increases monotonically from a negative value at x = 0 to a positive value, and in the positive
domain it attains a peak value at another wavefront located at x = 0.1. The position of this wavefront changes
slightly with a, whereas the magnitude of the peak value is reduced with the increase of a and the decrease of
s0.
For problem 2, u is zero at x = 0, which is in agreement with Eq. (4.11). It may be observed that the dis-
placement is compressive in nature, and attains a peak value at the wavefront located at x = 0.1.
Fig. 3a and b shows the variation of the stress r for problems 1 and 2, respectively. The stress is zero
at x = 0 for problem 1 which is in agreement with Eq. (4.2) whereas it is negative for problem 2. For both
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6356 M. Aouadi / International Journal of Solids and Structures 43 (2006) 6347–6358problems, the magnitude of the compressive stress increases rapidly as x increases and it attains a peak value
at x = 0.1, thereafter it decreases slowly with increasing x.
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Important phenomena are observed in all these computations:
1. From the above ﬁgures, there exist two propagating wavefronts. Under the coupled theory it is clear that
there is only an elastic wavefront. This of course due to the fact that the temperature satisﬁes a parabolic
equation. So, the wavefront located at x = 0.8 for problem 1 and at x = 0.6 for problem 2 is the mainly
thermal wave mentioned above, and the wavefront located at x = t = 0.1 is mainly elastic in nature (Aou-
adi, 2005). It is clear that under CT theory the thermal wavefront propagates with inﬁnite velocity, whereas
the velocity of propagation of the elastic wavefront is v = 1 which means v = C0 = [(k + l)/q]
1/2. The ther-
mal wavefront is faster than the elastic one, corresponds to the second sound, and results from the temper-
ature forcing term in the displacement equations.
2. In all these ﬁgures, it is clear that the considered function vanishes identically outside a bounded region of
space surrounding the heating source at a distance from it. The edge of this region is the thermal wavefront.
This is not the case for the coupled theory where an inﬁnite speed of propagation is inherent and hence all
the considered functions have non-zero (although it may be very small) value for any point in the medium.
3. The values of solutions for LS theory are large in comparison with those for CT theory. In fact, the relax-
ation time is large for LS theory (s0 > 0), so the time available for the exchange of thermal energy with the
domain is large and then values of solutions are higher. All these remarks indicate that the generalized heat
conduction mechanism is completely diﬀerent from the classic Fouriers in essence.
4. The magnitudes of the solutions are less when a = 1.75 compared to those when a = 1, except for the tem-
perature. This phenomenon is also observed by Aouadi and El-Karamany (2003, 2004). This may be due to
the fact that the temperature in thermoelasticity is the inﬁnitesimal deviation from reference temperature.
Thus, the dependence of the modulus of elasticity on reference temperature has a signiﬁcant eﬀect on the
thermal and mechanical interactions by decreasing the magnitude of solution (Ezzat et al., 2004).
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